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Outline

Introduction

Understanding quark structure of hadrons from QCD

Deep inelastic scattering

Moments of quark distributions

Form factors

Generalized form factors

Transverse structure

Origin of nucleon spin

Understanding gluon structure of hadrons

Gluon contribution to the pion mass and momentum

Insight into how QCD works

Summary and future challenges
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How do hadrons arise from QCD?

Lagrangian constrained by Lorentz invariance, gauge 
invariance and renormalizability: 

Deceptively simple Lagrangian produces amazingly rich 
and complex structure of strongly interacting matter in 
our universe

QCD

L = ψ̄(iγµDµ − m)ψ − 1
4
F 2

µν

Dµ = ∂µ − igAµ Fµν = i
g
[Dµ, Dν ]
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Goals

Quantitative calculation of hadron observables from first 
principles

Agreement with experiment

Credibility for predictions and guiding experiment

Insight into how QCD works

Mechanisms

Paths that dominate action - instantons

Variational wave functions

Diquark correlations

Dependence on parameters

Nc,  Nf ,  gauge group, mq
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Computational Issues

Fermion determinant - Full QCD

Small lattice spacing

Small quark mass

Large lattice volume

Cost ~ (mπ)-7 - (mπ)-9

L(fm)   mπ (Mev)
1.6        500
4.0	        200
5.7        140    

1
mπ

≤ L

4
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Current Status

Include fermion determinant - Full QCD

Precision results in heavy quark systems

 (mπ)
-7 - (mπ)

-9 limited past nucleon structure to                    
“heavy pion world” -  mπ ≥  500 MeV

Beginning to explore physical “light pion world”             
mπ ≥  300 MeV  -  role of chiral symmetry
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Resources

US 2006

DOE  NP, HEP,  ASCR Partnership:   8 sustained Tflop

NERSC, ORNL,  ANL, LLNL

NSF centers

2006 world sustained Teraflops for lattice

USLQCD             8     

Europe + UK        20 - 25

Japan                    14 - 18

8

important problem sizes on the QCDOC architecture and also has increased the efficiency
of legacy codes running on linux clusters. The second, possibly more important, is that this
software activity was a community-wide effort resulting in a set of tools and conventions that
members of each of the large U.S. collaborations had contributed to and valued. This is certainly
a good beginning and it will be interesting to see how this effort evolves and widely it is used
by the U.S. lattice QCD community.

Given the level of organization, careful software preparation and compelling physics case for
modern large-scale lattice QCD calculations, the U.S. lattice QCD community was able to make
a successful proposal to the high energy and nuclear physics programs within the DOE and
receive substantial, multi-year funding. The first two-years of DOE support (2004 and 2005),
including a portion from the DOE program in Advanced Scientific Computing Research, funded
a 4 Teraflops (sustained) QCDOC machine now installed at Brookhaven. Later-year funding will
support the constructions of large, optimized workstation clusters at Jlab and Fermilab. Figure 9
shows the adjacent RBRC and DOE QCDOC machines now operational at Brookhaven.

Figure 9. The two large 4 Tflops (sustained), 12,288-node machines now operational at the
Brookhaven National Laboratory. The machine on the left is DOE-funded and to be used by
the entire U.S. lattice QCD community. The machine on the left is used by the RIKEN BNL
Research Center and is funded by the RIKEN Institute of Japan.

7. Physics program
The availability of these machines has been anticipated for many months and there are a variety
of important, cutting-edge physics projects now getting underway. The most easily described
is a large-scale study of QCD at finite temperature aimed at exploring theoretically the physics
being studied at the Relativistic Heavy Ion Collider (RHIC) at Brookhaven. This is being carried
out by a collaboration of physicists at Brookhaven, the RIKEN BNL Research Center (RBRC),
Columbia and Bielefeld Universities.

The second is a large effort lead by the MILC collaboration to generate a large Monte Carlo
ensemble of integration points using an improved version of staggered fermions bearing the
acronym ASQTAD. This is an extension of earlier work and will create an ensemble that will be
used by many group in the U.S. and U.K. to study a variety of important questions in particle

137
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Hadron structure revealed by high 
energy scattering

High energy scattering measures correlation functions 
along light cone

Asymptotic freedom: reaction theory perturbative

Unambiguous measurement of operators in light cone 
frame

Must think about physics on light cone

Parton distribution q(x) gives longitudinal momentum 
distribution of light-cone wave function

Generalized parton distribution q(x, r⊥) gives transverse 

spatial structure of light-cone wave function
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Parton and generalized parton distributions

〈P |O(x)|P 〉 = q(x)

Deep inelastic scattering: diagonal matrix element

〈P ′|O(x)|P 〉 = 〈γ〉H(x, ξ, t) + i∆
2m 〈σ〉E(x, ξ, t)

∆ = P ′ − P, t = ∆2, ξ = −n · ∆/2

Deeply virtual Compton scattering: off-diagonal matrix element

(λ = p+x−)High energy scattering: light-cone correlation function

O(x) =
∫

dλ

4π
eiλxψ̄(−λ

2
n) "nPe−ig

∫ λ/2
−λ/2 dαn·A(αn)ψ(

λ

2
n)

[!n→!nγ5 : ∆q(x)]

[!n→!nγ5 : Ẽ(x, ξ, t), H̃(x, ξ, t)]
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Moments of parton distributions

Expansion of

Generates tower of twist-2 operators

O(x) =
∫

dλ

4π
eiλxψ̄(−λ

2
n) "nPe−ig

∫ λ/2
−λ/2 dαn·A(αn)ψ(

λ

2
n)

O{µ1µ2...µn}
q = ψqγ

{µ1iDµ2 . . . iDµn}ψq

Diagonal matrix element

〈P |O{µ1µ2...µn}
q |P 〉 ∼

∫
dxxn−1q(x)

[!n→!nγ5 : Ãni(t), B̃ni(t)]

Off-diagonal matrix element

〈P ′|O{µ1µ2...µn}
q |P 〉 → Ani(t), Bni(t), Cn0(t)∫

dxxn−1H(x, ξ, t) ∼
∑

ξiAni(t) + ξnCn0(t)
∫

dxxn−1E(x, ξ, t) ∼
∑

ξiBni(t)− ξnCn0(t)
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Moments of parton distributions

〈p|ψ̄γµDµ1 · · · Dµnψ|p〉 → 〈xn〉q =
∫ 1

0
dxxn[q(x) + (−1)(n+1)q̄(x)]

〈p|ψ̄γ5γµDµ1 · · · Dµnψ|p〉 → 〈xn〉∆q =
∫ 1

0
dxxn[∆q(x) + (−1)(n)∆q̄(x)]

〈p|ψ̄γ5σµνDµ1 · · · Dµnψ|p〉 → 〈xn〉δq =
∫ 1

0
dxxn[δq(x) + (−1)(n+1)δq̄(x)]

q = q↑ + q↓, ∆q = q↑ − q↓, δq = q# + q⊥,where
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Lattice operators:  irreducible representations of hypercubic group with 
minimal operator mixing and minimal non-zero momentum components
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Domain wall quarks on a staggered sea

Improved staggered sea quarks (MILC)

Economical - lattices with large L, small mπ , several a

Fourth root appears manageable

RG indicates coefficient of nonlocal term → 0

Partially quenched staggered ΧPT accounts well for ugly properties

Order a2  improved

 Domain wall valence quarks

Chiral symmetry avoids operator mixing

Order a2

Conserved 5-d axial current facilitates renormalization

Hybrid ChPT available

One-loop results have simple chiral behavior

14
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Asqtad Action: O(a2) perturbatively improved

Symansik improved glue

Sg(U) = C0 W
1x1  + C1 W

1x2  + C2 W
cube

Smeared staggered fermions Sf(V,U)

Fat links remove taste changing gluons

Tadpole improved
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HYP Smearing

Three levels of SU(3) projected blocking within hypercube

Minimize dislocations - important for DW fermions
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HYP smeared domain wall fermions - B. Bistrovic

Perturbative renormalization 

OMS
i (Q2) =

∑

j

(
δij +

g2
0

16π2

N2
c − 1
2Nc

(
γMS

ij log(Q2a2)− (BLATT
ij −BMS

ij )
))

· OLATT
j (a2)
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Numerical calculations
Improved staggered sea quarks  (MILC configurations)

NF =3,  a=0.125 fm

Domain wall valence quarks
LS =16,   M = 1.7  
Masses and volumes:

mπ configs Vol L (fm)

761 425 203 2.5

693 350 203 2.5

544 564 203 2.5

486 498 203 2.5

354 655 203 2.5

354 270 283 3.5
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Matrix elements on the lattice
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Overdetermined system for form factors
Calculate ratio

Perturbative renormalization

Schematic form
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Nucleon axial charge in full lattice QCD

Why gA?

Matrix element of axial current

Adler Weisberger   

Goldberger Treiman

Spin content

〈N(p + q)|Aµ|N(p)〉 = ū(p + q)
!τ

2
[
gA(q2)γµγ5 + gP (q2)qµγ5

]
u(p)

gA(0) = 1.2695± 0.0029

Aµ = q̄γµγ5
"τ

2
q

g2
A − 1 ∼

∫
(σπ+p − σπ−p)

gA → fπgπNN/MN

〈1〉∆q =
∫ 1
0 dx[∆q(x) + ∆q̄(x)]

gA = 〈1〉∆u − 〈1〉∆d Σ = 〈1〉∆u + 〈1〉∆d + 〈1〉∆s
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Nucleon axial charge

Gold-Plated observable

Accurately measured

No disconnected diagrams

Chiral perturbation theory for  

Renormalization - 5-d conserved current 

hep-lat/0510062

gA(m2
π, V )
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Nucleon Axial Charge

Chiral perturbation theory

Beane and Savage  hep-ph/0404131

Detmold and Lin  hep-lat/0501007

1-loop theory has 6 parameters

Fix                                    (0.3% error)

Fit

Result

gA(m2
π, V )

fπ, m∆ −mN , g∆N

gA, g∆∆, C

gA(mπ = 140) = 1.212± 0.084
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Chiral expansion of axial charge

ΓNN = gA − i
4

3f2
[4g3

AJ1(mπ, 0, µ)

+ 4(g2
∆NgA +

25
81

g2
∆Ng∆∆)J1(mπ,∆, µ)

+
3
2
gAR1(mπ, µ)

− 32
9

g∆NgAN1(mπ,∆, µ)]

+ Cm2
π

J1(m,∆, µ) = −3
4

i

16π2

[
(m2 − 2∆2) log

m2

µ2
+ 2∆F (m,∆)

]

R1(m,µ) =
i

16π2
m2

[
Γ(ε) + 1− log

m2

µ2

]

N1(m,∆, µ) = −3
4

i

16π2

[
(m2 − 2

3
∆2) log

m2

µ2
+

2
3
∆F (m,∆) +

2
3

m2

∆
[πm− F (m,∆)]

]

f(m,∆) =
√

∆2 −m2 − iε log

(
∆−

√
∆2 −m2 − iε

∆ +
√

∆2 −m2 − iε

)

Beane and Savage  hep-ph/0404131
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Nucleon axial charge gA 
〈1〉u−d

∆q

! !"# !"$ !"% !"& !"' !"(

)
!

$
*+,-.

$
/

#

#"#

#"$

#"%

#"&

0
1

LHPC  hep-lat/0510062
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Nucleon axial charge gA 
〈1〉u−d

∆q
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Chiral Perturbation Theory

27

Self-consistently improved 1-loop ChPT

Heavy Baryon ChPT

Covariant BaryonChPT

ChPT with finite range regulators
17

section GFF HBChPT CBChPT expected dependence on mπ, t

A Au−d
20 O(p2) O(p2) non-analytic in mπ, ≈ linear in t

B Bu−d
20 O(p2) + corr. of O(p3) non-analytic in mπ, ≈ linear in t

C Cu−d
20 O(p2) + corr. of O(p3) non-analytic in mπ, ≈ linear in t

D Au+d
20 O(p2) + corr. of O(p3) non-analytic in mπ and t

I, E Bu+d
20 O(p2) O(p2) + O(p3)-CTs non-analytic in mπ and t

F Cu+d
20 O(p2) + corr. of O(p3,4) non-analytic in mπ and t

G Ju+d = 1/2(A + B)u+d
20 O(p2) + corr. of O(p3)

H Eu+d
20 = (A + t/(4mN )2B)u+d

20 O(p2) linear in m2
π and t

H Mu+d
20 = (A + B)u+d

20 O(p2) non-analytic in mπ and t
J Cu+d

20 O(p2) non-analytic in mπ and t
K Ju+d = 1/2(A + B)u+d

20 O(p2)
K Ju+d = 1/2(A + B)u+d

20 O(p2) with ∆

TABLE IV: Overview of different approaches to the (mπ, t)-dependence of GFFs in ChPT studied in sections V A-VK.

use an extended set of results for |t| < 0.48GeV2, mπ < 700MeV in most of the fits to improve the statistics.

A. CBChPT extrapolation of Au−d
20 (t)

The O(p2) CBChPT result[65] for the isovector GFF Au−d
20 (t) is

Au−d
20 (t, mπ) = A0,u−d

20

(
fu−d

A (mπ) +
g2

A

192π2f2
π

hA(t, mπ)
)

+ Ã0,u−d
20 ju−d

A (mπ) + Amπ ,u−d
20 m2

π + At,u−d
20 t , (24)

where fu−d
A (mπ), hA(t, mπ) and ju−d

A (mπ) contain the non-analytic dependence on the pion mass and momentum
transfer squared and A0,u−d

20 ≡ Au−d
20 (t = 0, mπ = 0). Because of the small prefactor, the term ∝ hA(t, mπ) is

of O(10−3) for mπ ≤ 700 MeV, |t| < 1 GeV2 and therefore numerically negligible. Thus, there are essentially no
correlations of t and mπ present, and the dependence on t is only due to the counter term (At,u−d

20 t). We use the
value Ã0,u−d

20 = 0.17 obtained from a chiral fit to our lattice results for Ãu−d
20 (t = 0) = 〈x〉∆u−∆d [47]. From a fit with

the three free parameters Amπ,u−d
20 , At,u−d

20 and A0,u−d
20 to over 40 lattice datapoints, we find A0,u−d

20 = 0.133(5) and
〈x〉u−d = Au−d

20 (t = 0, mπ,phys) = 0.157(6) at the physical point. This is in very good agreement with phenomenological
results from CTEQ and MRST [81] PDF-parametrizations, 〈x〉MRST2001

u−d = 0.157(5) and 〈x〉CTEQ6
u−d = 0.155(5). The
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FIG. 17: Lattice results for Au−d
20 at t = 0 GeV2

versus m2
π together with a global chiral fit using

Eq. (24), denoted by the error band and the phe-
nomenological result from CTEQ6, indicated by
the star. The heavy-baryon-limit of the CBChPT
fit is shown by the dotted line, and a HBChPT fit
to the lattice data for |t| < 0.3GeV2 and mπ <
0.5GeV is shown by the dashed line.
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FIG. 18: Lattice results for Au−d
20 at t ≈ −0.24

GeV2 versus m2
π together with the result of a

global chiral fit using Eq. (24).

results of the fit are shown in Figs. (17) and (18). The dependence of Au−d
20 (t) on the momentum transfer squared is

presented in Figs. (19) and (20), where we again obtain a good description of the lattice data.

expand in
p

Λχ
,
mπ

Λχ
,

p

MN
,

mπ

MN

sum all powers
(

1
MN

)n
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Chiral Extrapolation of MomentsChiral Perturbation Theory

• for example, unpolarized moments

〈xn〉u−d = an



1−
(3g2

A,0 + 1)

(4πfπ,0)2
m2

π ln

(
m2

π

µ2

)

 + b′n(µ)m2
π

• choose µ = fπ,0, and at one loop gA,0 → gA,mπ and fπ,0 → fπ,mπ

〈xn〉u−d = an



1−
(3g2

A,mπ
+ 1)

(4π)2
m2

π

f2
π,mπ

ln

(
m2

π

f2
π,mπ

)

 + bn
m2

π

f2
π,mπ

• self consistently gA → gA,lat, fπ → fπ,lat, mπ → mπ,lat

〈xn〉u−d = an



1−
(3g2

A,lat + 1)

(4π)2
m2

π,lat

f2
π,lat

ln




m2

π,lat

f2
π,lat







 + bn
m2

π,lat

f2
π,lat

• similarly for the helicity and transversity moments

〈xn〉∆u−∆d = ∆an



1−
(2g2

A,lat + 1)

(4π)2
m2

π,lat

f2
π,lat

ln




m2

π,lat

f2
π,lat







 + ∆bn
m2

π,lat

f2
π,lat

〈xn〉δu−δd = δan



1−
(4g2

A,lat + 1)

2(4π)2
m2

π,lat

f2
π,lat

ln




m2

π,lat

f2
π,lat







 + δbn
m2

π,lat

f2
π,lat
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Chiral Extrapolation of Moments
Helicity Momentum Fraction: 〈x〉∆u−∆d
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Chiral Extrapolation of Moments

Tensor Charge: gT = 〈1〉δu−δd
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Chiral Extrapolation of Moments
Putting It All Together

0.8

0.9

1

1.1
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Chiral extrapolation of 

32

Chiral extrapolation O(p2) covariant ChPT (Dorati, Hemmert, et. al.)
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+Ã0,u−d
20 ju−d

A (mπ)+Amπ,u−d
20 m2
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Chiral extrapolation of 

33

Chiral extrapolation O(p2) covariant BChPT 
Heavy baryon limit (dotted curve)
HBChPT fit:  t < 0.3 GeV2,  mπ < 0.5 GeV  (dashed curve)

16

0.1 0.2 0.3 0.4 0.5 0.6

mΠ
2
!GeV

2
"

0.05

0.1

0.15

0.2

0.25

A
2
0

u
"
d
#t
#
0
G
e
V
2
$

0.1 0.2 0.3 0.4 0.5 0.6

mΠ
2
!GeV

2
"

0.05

0.1

0.15

0.2

0.25

A
2
0

u
"
d
#t
#
0
G
e
V
2
$

FIG. 16: Lattice results for Au−d
20 at t = 0 GeV2

versus m2
π together with the global chiral fit using

eq. (26), denoted by the error band and the phe-
nomenological result from CTEQ6, indicated by
the star. The heavy-baryon-limit of the covariant
ChPT-fit is shown as dotted line, and a fit based
on HBChPT to the lattice data for |t| < 0.3GeV2

and mπ < 0.5GeV is shown by the dashed line.
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FIG. 17: Lattice results for Au−d
20 at t ≈ −0.24

GeV2 versus m2
π together with the result of the

global chiral fit using eq. (26).

use Ã0,u−d
20 = 0.17 as obtained from a chiral fit to our lattice results for Ãu−d

20 = 〈x〉∆u−∆d [54]. From a fit with

the three free parameters Amπ,u−d
20 , At,u−d

20 and A0,u−d
20 to over 40 lattice datapoints, we find A0,u−d

20 = 0.133(6) and
〈x〉u−d = Au−d

20 (t = 0,mπ,phys) = 0.157(7) at the physical point. This is in very good agreement with phenomenological

results from CTEQ and MRST [55] PDF-parametrizations, 〈x〉MRST2001
u−d = 0.157() and 〈x〉CTEQ6

u−d = 0.154() . The
results of the fit are shown in Figs. (16,17). We would like to note that the heavy-baryon-limit of the covariant
ChPT-fit, which is shown as dotted line, only overlaps with the covariant curve for mπ < mπ,phys and strongly drops
off for mπ > mπ,phys, indicating that corrections O(m−1

N ) and higher included in the covariant approach may be
essential for a proper description of this observable at pion masses larger than mπ,phys. The dependence of Au−d

20 (t) on
the momentum transfer squared is presented in Figs. (18,19), where we again obtain a good description of the lattice
data.
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FIG. 18: Lattice results for Au−d
20 (t) at mπ ≈ 0.35

GeV together with the result of a chiral fit.
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FIG. 19: Lattice results for Au−d
20 (t) at mπ ≈ 0.496

GeV together with the result of a chiral fit.

B. Chiral extrapolation of isovector B20(t) based on covariant baryon ChPT

The covariant O(p2) ChPT calculation in [47] for the isovector B20 GFF gives

Bu−d
20 (t,mπ) =

mN (mπ)

mN
B0,u−d

20 + A0,u−d
20 hu−d

B (t,mπ) +
mN (mπ)

mN

{
δt,u−d
B t + δmπ,u−d

B m2
π

}
, (24)

where mN (mπ) is the pion mass dependent nucleon mass, Bu−d
20 (t = 0,mπ = 0) = B0,u−d

20 and where we have included
estimates of O(p3)-corrections in form of (δt

B t) and (δmπ
B m2

π). The non-analytic dependence on mπ and t is given

〈x〉u−d
q = Au−d

20 (t = 0)
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Chiral extrapolation of 

34
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20 (t = 0)

Chiral extrapolation O(p2) relativistic ChPT (Dorati, Hemmert, et. al.)

Note: connected diagrams only

Au+d
20 (t,mπ) = A0,u+d

20

(
fu+d

A (mπ)− g2
A

64π2f2
π

hA(t,mπ)
)

+Amπ,u+d
20 m2

π+At,u+d
20 t+∆Au+d

20 (t,mπ)+O(p3)
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Chiral extrapolation of 

35

〈x〉u+d
q = Au+d

20 (t = 0)
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FIG. 22: Lattice results for Cu−d
20 at t ≈ −0.24

GeV2 versus m2
π together with the result of a chiral

fit.
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FIG. 23: Lattice results for Cu−d
20 (t) at mπ ≈ 350

MeV versus (−t) together with the result of a chiral
fit.

to the momentum fraction of quarks in the pion in the chiral limit, 〈x〉π,0
u+d, are in this counting scheme of higher

order, O(p3). However, in order to see if such contributions could be relevant for the pion masses and values of the
momentum transfer squared accessible in our calculation, we include the estimate of the O(p3)-contribution ∆Au+d

20
provided in [47] in the fit to the lattice datapoints.

Using 〈x〉π,0
u+d = 0.5 as an input parameter, [48, 49, 50, 51, 52, 53], a three parameter (A0,u+d

20 , Amπ,u+d
20 and At,u+d)

fit to more than 40 lattice data points gives A0,u+d
20 = 0.528(14) and 〈x〉u+d = Au+d

20 (mπ,phys) = 0.524(14) at the
physical point. Again, this is in very good agreement with phenomenological results from CTEQ and MRST [55]
parametrizations, 〈x〉MRST2001

u+d = 0.538() and 〈x〉CTEQ6
u+d = 0.534(). The results of the fit are shown in Figs. (24,25). We

would like to note that the slight upwards bending in Fig. (24) at low mπ, and therefore the good agreement with the
phenomenological value, is due the O(p3)-contribution ∆Au+d

20 . It has to be seen if this somewhat unusual curvature
persists once the full O(p3) contribution is available and fitted to the lattice results. The inclusion of contributions
from disconnected diagrams could also lead to (or require) a different extrapolation in mπ. In this context, we
would like to note that the heavy-baryon-limit of the covariant fit (giving Au+d

20 (t = 0,mπ) = A0,u+d
20 + Amπ,u+d

20 m2
π),

represented by the dotted line in Fig. (24), agrees with the covariant result only over a very limited range at low
pion masses. Most notably, while the lattice results for Au+d

20 are rising for larger pion masses, the heavy-baryon-limit

curve has the ”wrong” slope (negative Amπ,u+d
20 ). However, a direct fit in the framework of HBChPT (to be discussed

below in section []) shown by the dashed curve leads to a positive Amπ,u+d
20 and a reasonable description of the lattice

datapoints. The different signs we find for Amπ,u+d
20 in the covariant and heavy baryon approaches indicate that higher

order corrections in m−1
N and in mπ might be crucial for a correct description of the pion mass dependence of Au+d

20
at the currently available pion masses on the lattice. Future studies will be needed to clarify this. The dependence
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FIG. 24: Lattice results for Au+d
20 at t = 0 GeV2

versus m2
π together with the result of a chiral fit and

the phenomenological value from CTEQ6, denoted
by a star. The heavy-baryon-limit of the covariant
ChPT-fit is shown as dotted line, and a fit based
on HBChPT to the lattice data for |t| < 0.3GeV2

and mπ < 0.5GeV is shown by the dashed line.
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FIG. 25: Lattice results for Au+d
20 (t) at t ≈ −0.24

GeV2 versus m2
π together with the result of a

chiral fit.

Chiral extrapolation O(p2) covariant BChPT 
Heavy baryon limit (dotted line)
HBChPT fit:  t < 0.3 GeV2,  mπ < 0.5 GeV  (dashed line)
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Quark spin contribution to Nucleon Spin
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∆Σ = 〈1〉∆u + 〈1〉 ∆d
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Electromagnetic form factors

Simplest off-diagonal matrix element 

Fourier transform of charge density if 

Pb: 5 fm >> 10-3 fm,   Proton: 0.8 fm ~ 0.2 fm:   marginal

For transverse Fourier transform of light cone w. f., m → p+ ~ ∞

Large q2:  ability of one quark to share q2 with other constituents to 
remain in ground state - q2 counting rules

〈p|ψ̄γµψ|p′〉 = ū(p)[F1(q2)γµ + F2(q2)
iσµνqν

2m
]u(p′)

Lsystem ! Lwavepacket !
1
m

GE(q2) = F1(q2)− q2

4M2
F2(q2) GM (q2) = F1(q2) + F2(q2)
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F1 Isovector Form Factor
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Form factor ratio:    F2 / F1 
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Polarization transfer at JLab Lattice results
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Polarized Nucleon Form Factors GA and GP

pion electroproduction  ◆ pion electroproduction  ●
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〈p|ψ̄γµγ5ψ|p′〉 = ū(p)[GA(q2)γµγ5 + qµγ5GP (q2) + σµνγ5qνGM (q2)]u(p′)

νµ n→ µ− p µ− p→ νµ n

Bernard, Elouadrhiri, Meissner,  J. Phys. G Nucl. Part. Phys. 2002, R1

◆
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Form factor ratio:    GA/F1

Polarization transfer at JLab Lattice results
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Form factor ratio:    GP/GA  

soft pion pole: GP (q2) ∼ 4M2GA(q2)
q2 −m2

π
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Key quantities
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Generalized Parton Distributions
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Generalized form factors

O{µ1µ2...µn}
q = ψqγ

{µ1iDµ2 . . . iDµn}ψq

〈P ′|Oµ1 |P 〉 = 〈〈γµ1〉〉A10(t)

+
i

2m
〈〈σµ1α〉〉∆αB10(t) ,

〈P ′|O{µ1µ2}|P 〉 = P̄ {µ1〈〈γµ2}〉〉A20(t)

+
i

2m
P̄ {µ1〈〈σµ2}α〉〉∆αB20(t)

+
1
m

∆{µ1∆µ2}C2(t) ,

〈P ′|O{µ1µ2µ3}|P 〉 = P̄ {µ1 P̄µ2〈〈γµ3}〉〉A30(t)

+
i

2m
P̄ {µ1 P̄µ2〈〈σµ3}α〉〉∆αB30(t)

+ ∆{µ1∆µ2〈〈γµ3}〉〉A32(t)

+
i

2m
∆{µ1∆µ2〈〈σµ3}α〉〉∆αB32(t),

P̄ = 1
2 (P ′ + P )

∆ = P ′ − P

t = ∆2
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Limits of generalized form factors

Moments of parton distributions  t →0 

Electromagnetic form factors 

Total quark angular momentum

An0 =
∫

dxxn−1q(x)

A10 = F1(t), B10 = F2(t)

Jq = 1
2 [A(0)20 + B(0)20]
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Sum Rules

Momentum sum rule  

Nucleon spin sum rule

Vanishing of anomalous gravitomagnetic moment

1
2

=
1
2
(
A20,q(0) + A20,g(0) + B20,q(0) + B20,g(0)

)

=
1
2
∆Σq + Lq + Jg

1 = A20,q(0) + A20,g(0) = 〈x〉q + 〈x〉g

0 = B20,q(0) + B20,g(0)
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Transverse structure of nucleon

x → 1:  Single Fock space component  ⇒  slope → 0

x  ≠ 1:  Transverse structure  ⇒ slope steeper

H(x, 0, - Δ2
⊥ ) is transverse Fourier transform of light 

cone quark distribution q(x,r⊥ ) at momentum fraction x

q(x, r⊥) =
∫

d2∆⊥
(2π)2

H(x, 0,−∆2
⊥) e−ir⊥∆⊥

∫
dxxn−1q(x, r⊥) =

∫
d2∆⊥
(2π)2

A(−∆2
⊥) e−ir⊥∆⊥
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Generalized form factors from lattice
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Transverse size of light-cone wave function

xn
av =

∫
d2r⊥

∫
dxx · xn−1q(x,!r⊥)∫

d2r⊥
∫

dxxn−1q(x,!r⊥)
q(x,!r⊥)model (Burkardt hep-ph/0207047)
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Generalized form factors     
A10, A20, A30
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Generalized form 
factor ratios  A30 / A10  

GPD parameterization: 
Nucleon form factors, 
CTEQ parton distributions, 
Regge behavior, 
Ansatz
Diehl, Feldmann, Jakob, Kroll EPJC 2005
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A20, B20, C20

First x moments:

|Au+d
20 | > |Au−d

20 |
|Bu−d

20 | > |Bu+d
20 |

|Cu+d
20 | > |Cu−d

20 |

Consistent with large
N behavior   [Goeke et. al.]
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Origin of nucleon spin
“Spin crisis” -  only ~ 30% arises from quark spins

1
2∆Σ = 1

2 〈1〉∆u+∆dquark spin contribution

Jq = 1
2 [Au+d

20 (0) + Bu+d
20 (0)] = 1

2 [〈x〉u+d + Bu+d
20 (0)]

total quark  contribution (spin plus orbital)

Spin Inventory
68% quark spin
  0% quark orbital
32% gluons

∼ 1
20.675(7)

∼ 1
20.682(18)

mπ = 897 MeV
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Nucleon spin decomposition
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Nucleon spin decomposition
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Quark spin contribution to Nucleon Spin

57

∆Σ = 〈1〉∆u + 〈1〉 ∆d
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Chiral extrapolation of 

58

Jq = 1
2

(
Au+d

20 (0) + Bu+d
20 (0)

)

Jq(mπ;∆) = Jq(mπ)−1
2

(
9
2
bqN + 3aqπ −

15
2

bq∆

)
8g2

πN∆

9(4πfπ)2
(m2

π−2∆2) ln
(

m2
π

Λ2
χ

)
+2∆

√
∆2 −m2

π ln

(
∆−

√
∆2 −m2

π

∆ +
√

∆2 −m2
π

)
ChPT including Delta  (Chen and Ji)
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HERMES -  Fraction of spin from quark spin

Σu  = .84  ± .01  Σd  = -0.43 ± .01  Σu+d  = 0.42 ± .02

Lattice - Connected Diagrams  

Σu  ~ .8             Σd  ~ -.4              Σu+d  = 0.41 ± .06

2Lu ~ .3             2Lu ~ -.3            2Lu+d  ~ 0

                                                 2Ju+d  = 0.42 ± .06  
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Chiral extrapolation O(p2) covariant ChPT (Dorati, Hemmert, et. al.)
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Chiral extrapolation O(p2) covariant BChPT 
 t  and  mπ dependence
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FIG. 16: Lattice results for Au−d
20 at t = 0 GeV2

versus m2
π together with the global chiral fit using

eq. (26), denoted by the error band and the phe-
nomenological result from CTEQ6, indicated by
the star. The heavy-baryon-limit of the covariant
ChPT-fit is shown as dotted line, and a fit based
on HBChPT to the lattice data for |t| < 0.3GeV2

and mπ < 0.5GeV is shown by the dashed line.
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FIG. 17: Lattice results for Au−d
20 at t ≈ −0.24

GeV2 versus m2
π together with the result of the

global chiral fit using eq. (26).

use Ã0,u−d
20 = 0.17 as obtained from a chiral fit to our lattice results for Ãu−d

20 = 〈x〉∆u−∆d [54]. From a fit with

the three free parameters Amπ,u−d
20 , At,u−d

20 and A0,u−d
20 to over 40 lattice datapoints, we find A0,u−d

20 = 0.133(6) and
〈x〉u−d = Au−d

20 (t = 0,mπ,phys) = 0.157(7) at the physical point. This is in very good agreement with phenomenological

results from CTEQ and MRST [55] PDF-parametrizations, 〈x〉MRST2001
u−d = 0.157() and 〈x〉CTEQ6

u−d = 0.154() . The
results of the fit are shown in Figs. (16,17). We would like to note that the heavy-baryon-limit of the covariant
ChPT-fit, which is shown as dotted line, only overlaps with the covariant curve for mπ < mπ,phys and strongly drops
off for mπ > mπ,phys, indicating that corrections O(m−1

N ) and higher included in the covariant approach may be
essential for a proper description of this observable at pion masses larger than mπ,phys. The dependence of Au−d

20 (t) on
the momentum transfer squared is presented in Figs. (18,19), where we again obtain a good description of the lattice
data.
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FIG. 18: Lattice results for Au−d
20 (t) at mπ ≈ 0.35

GeV together with the result of a chiral fit.
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FIG. 19: Lattice results for Au−d
20 (t) at mπ ≈ 0.496

GeV together with the result of a chiral fit.

B. Chiral extrapolation of isovector B20(t) based on covariant baryon ChPT

The covariant O(p2) ChPT calculation in [47] for the isovector B20 GFF gives

Bu−d
20 (t,mπ) =

mN (mπ)

mN
B0,u−d

20 + A0,u−d
20 hu−d

B (t,mπ) +
mN (mπ)

mN

{
δt,u−d
B t + δmπ,u−d

B m2
π

}
, (24)

where mN (mπ) is the pion mass dependent nucleon mass, Bu−d
20 (t = 0,mπ = 0) = B0,u−d

20 and where we have included
estimates of O(p3)-corrections in form of (δt

B t) and (δmπ
B m2

π). The non-analytic dependence on mπ and t is given
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20 at t = 0 GeV2

versus m2
π together with the global chiral fit using

eq. (26), denoted by the error band and the phe-
nomenological result from CTEQ6, indicated by
the star. The heavy-baryon-limit of the covariant
ChPT-fit is shown as dotted line, and a fit based
on HBChPT to the lattice data for |t| < 0.3GeV2

and mπ < 0.5GeV is shown by the dashed line.
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20 at t ≈ −0.24

GeV2 versus m2
π together with the result of the

global chiral fit using eq. (26).

use Ã0,u−d
20 = 0.17 as obtained from a chiral fit to our lattice results for Ãu−d

20 = 〈x〉∆u−∆d [54]. From a fit with

the three free parameters Amπ,u−d
20 , At,u−d

20 and A0,u−d
20 to over 40 lattice datapoints, we find A0,u−d

20 = 0.133(6) and
〈x〉u−d = Au−d

20 (t = 0,mπ,phys) = 0.157(7) at the physical point. This is in very good agreement with phenomenological

results from CTEQ and MRST [55] PDF-parametrizations, 〈x〉MRST2001
u−d = 0.157() and 〈x〉CTEQ6

u−d = 0.154() . The
results of the fit are shown in Figs. (16,17). We would like to note that the heavy-baryon-limit of the covariant
ChPT-fit, which is shown as dotted line, only overlaps with the covariant curve for mπ < mπ,phys and strongly drops
off for mπ > mπ,phys, indicating that corrections O(m−1

N ) and higher included in the covariant approach may be
essential for a proper description of this observable at pion masses larger than mπ,phys. The dependence of Au−d

20 (t) on
the momentum transfer squared is presented in Figs. (18,19), where we again obtain a good description of the lattice
data.

0 0.2 0.4 0.6 0.8 1 1.2

"t !GeV
2
"

0.05

0.1

0.15

0.2

0.25

A
2
0

u
"
d
#t
$

mΠ!0.35GeV

0 0.2 0.4 0.6 0.8 1 1.2

"t !GeV
2
"

0.05

0.1

0.15

0.2

0.25

A
2
0

u
"
d
#t
$

FIG. 18: Lattice results for Au−d
20 (t) at mπ ≈ 0.35

GeV together with the result of a chiral fit.
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FIG. 19: Lattice results for Au−d
20 (t) at mπ ≈ 0.496

GeV together with the result of a chiral fit.

B. Chiral extrapolation of isovector B20(t) based on covariant baryon ChPT

The covariant O(p2) ChPT calculation in [47] for the isovector B20 GFF gives

Bu−d
20 (t,mπ) =

mN (mπ)

mN
B0,u−d

20 + A0,u−d
20 hu−d

B (t,mπ) +
mN (mπ)

mN

{
δt,u−d
B t + δmπ,u−d

B m2
π

}
, (24)

where mN (mπ) is the pion mass dependent nucleon mass, Bu−d
20 (t = 0,mπ = 0) = B0,u−d

20 and where we have included
estimates of O(p3)-corrections in form of (δt

B t) and (δmπ
B m2

π). The non-analytic dependence on mπ and t is given
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Bu+d
20 (t,mπ)

Bu−d
20 (t,mπ) =

mN (mπ)
mN

{
B0,u−d

20 + A0,u−d
20 gB(t,mπ) + δt

B t + δmπ
B m2

π

}

Chiral extrapolation O(p4) relativistic ChPT O(p5) corrections
Note: connected diagrams only                    (Dorati, Hemmert, et. al.)
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22

FIG. 38: Combined (t, mπ)-dependence of Cu+d
20 from chiral fit compared to lattice data.

Cu+d
20 (t,mπ)

Cu−d
20 (t,mπ) =

mN (mπ)
mN

{
C0,u−d

20 + A0,u−d
20 gC(t,mπ) + δt

C t + δmπ
C m2

π

}

Chiral extrapolation O(p4) relativistic ChPT O(p5) corrections
Note: connected diagrams only                    (Dorati, Hemmert, et. al.)
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Harvey Meyer and J.N. arXiv 0707.3225Energy-momentum tensor

In rest frame,       contributes              to mass

In infinite momentum frame       = momentum fraction

Tµν ≡ T
g
µν + T

f
µν +

1
4
δµν(Sg + Sf),

T
g
µν = 1

4δµνF a
ρσF a

ρσ − F a
µαF a

να,

T
f
µν =

1
4
∑

f ψ̄f

↔
Dµ γνψf + ψ̄f

↔
Dν γµψf − 1

2δµνψ̄f

↔
Dρ γρψf ,

Sg = β(g)/(2g) F a
ρσF a

ρσ, Sf = [1 + γm(g)]
∑

f ψ̄fmψf

For on shell particle

〈Ψ,p|
∫
d3zT

f,g
00 (z) |Ψ,p〉 = [Ep − 1

4
M2/Ep] 〈x〉f,g,

〈Ψ,p|
∫
d3zSf,g(z) |Ψ,p〉 = (M2/Ep) bf,g,

〈x〉f + 〈x〉g = bf + bg = 1,

〈x〉g
3
4
〈x〉gM

Sg

T
g
00

1
4
bgMcontributes           to mass (trace anomaly)
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Evaluation of 

Notoriously difficult:  5000 configurations - no signal

Improved operator  E2 - B2      

Evaluate with plaquett or clover

Use bare or HYP smeared links

Compare variance of entropy density at 1.26 TC

Normalize operator by ratio to known bare plaquette

65

T
g
00 =

1
2
(−Ea · Ea + Ba · Ba)

2

yields

a3
∑

x

T
bp
00 (x!) =

2χbp(g0)Zg(g0)
ag2

0

∑

x

(7)

ReTr
[∑

kP0k(x)−
∑

k<l
1
2 [Pkl(x) + Pkl(x + a0̂)]

]
,

a3
∑

x

Sbp(x!) =
2χbp

s (g0)
a

dg−2
0

d log a

∑

x

Re Tr ×
[∑

k(1 − P0k(x)) +
∑

k<l(1 −
1
2 [Pkl(x) + Pkl(x + a0̂)])

]
.

The other form, denoted ‘bc’ for bare clover, is

T
bc
00(x)≡ χbc(g0)Zg(g0)

g2
0

ReTr
[∑

k(F̂0k)2−
∑

k<l(F̂kl)2
]
(8)

Sbc(x) ≡ χbc
s (g0)

dg−2
0

d log a
ReTr

[∑
k(F̂0k)2 +

∑
k<l(F̂kl)2

]
,

where F̂µν(x) is the clover-shaped discretization of the
field-strength tensor (see [10]). This form allows for the
discretizations of off-diagonal elements of T µν as well.
Each of the normalization factors Zg(g0), χbc(g0) and
χbc

s (g0) in Eq. (7,8) is of the form 1 + O(g2
0).

An additional freedom in discretization is local
smoothing of the fields by replacing each link in Eqs. (7,8)
by a sum of a connected product of links joining the same
two lattice points. This only changes the fields by higher
dimension operators, and HYP smearing [11] is particu-
larly suited for this application because it preserves the
symmetry between all Euclidean directions and is lo-
calized within a single hypercube. We use the original
HYP-smearing parameters [11], and project onto SU(3)
as in [12].

Our criteria for the choice of the discretization are to
maximize the signal-to-noise ratio, minimize cutoff ef-
fects, and preserve locality as much as possible. The
noisiest quantity we calculate is T 00(x), which involves
the near cancellation of E2 and B2. Hence, we stud-
ied the signal-to-noise ratio for four different discretiza-
tions by comparing the variance of a related thermo-
dynamic variable, the entropy density at temperature
T = 1/L0 = 1.21Tc [9], which is proportional to the ex-
pectation value of

∑
x T 00(x), on an L0×L3 lattice with

L/a = 16 and L0/a = 6. The resulting variances for the
plaquette and clover discretizations with bare and HYP
links are shown in Table I. We find dramatic differences
between the discretizations, with HYP smearing reduc-
ing the bare plaquette variance by a factor of 41 and the
HYP-clover operator reducing the variance by a factor
of 87. Variance reduction comes at the cost of a certain
loss of locality, since the HYP plaquette and HYP-clover
operators have extent 3a and 4a respectively.

The normalization factor Zg(g0) appearing in Eq. 7
is dictated by an exact lattice sum-rule for the Wilson
gauge action and is known with a precision of about 1%
(see [13] and Refs. therein). To obtain the absolute nor-
malization of other discretizations, it is sufficient to com-
pute their normalization χ(g0) relative to that of the bare

relative variance normalization
bare HYP bare HYP

T 00 plaq. 26.4(71) 0.6518(43) 1 0.5489(68)
clover 3.85(11) 0.3049(41) 2.184(67) 0.613(20)

S plaq. 2.64 (12) 0.474(13) 1 0.9951(77)
clover 1.180(39) 0.2975(72) 4.062(30) 1.410(13)

TABLE I: Left: the relative variance, 〈O2〉/〈O〉2 − 1, of the
operators O =

P
x(o(x)−〈o〉0) (top: o = T 00, bottom: o = S)

on a 6 × 163 lattice at β = 6.0 for different discretizations
described in the text. Right: the normalization χ(g0, a/L0)
(top) and χs(g0, a/L0) (bottom) of the operator relative to
the bare plaquette, determined on the same lattice.
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FIG. 1: A study of cutoff effects: the normalization
χ(g0, a/L0) of three discretizations of T 00 relative to the one
based on the bare plaquette as a function of L0/a.

plaquette, and the resulting χ’s are given in Tab. I for
the four discretizations.

As a compromise between locality and variance reduc-
tion, from now on we work with the HYP-plaquette dis-
cretization. We performed a check of its discretization
errors by computing the dependence of χ on a/L0, which
is a nonlocality effect. Figure 1 shows that the depen-
dence of χ on a/L0 is mild and statistically consistent
with zero for L0/a ≥ 6, and that all four lattice oper-
ators are viable discretizations of the same continuum
operator. As a check of the correct normalization of the
chosen HYP-plaquette operator, we computed its expec-
tation value on the lightest scalar glueball. In that case,
we know that the momentum fraction carried by the glue
is one (see [14] for an early calculation in SU(2) gauge
theory), and indeed we find 〈x〉(G)

g = 1.16(18).
The gluon momentum fraction in the pion.— We con-
sider a triplet of Wilson quarks, labeled u, d, s, with peri-
odic boundary conditions in all directions and with com-
mon κ = 0.1515, 0.1530 and 0.1550 corresponding to
pion masses approximately 1060, 890 and 620 MeV on
lattices 32 · 123, 32 · 163, 48 · 163 and 244. To calculate
the gluonic momentum fraction in the pion, we define the
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Calculation of 

Quenched Wilson fermions,  β=6.0 m  = 890 MeV 3066 configs
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Renormalization in singlet sector
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[
T

g
00(µ)

T
f
00(µ)

]
=

[
Zgg 1−Zff

1−Zgg Zff

] [
T

g
00(g0)

T
f
00(g0)

]

〈x〉g(µ2) = 〈x〉g + [1 − Zff(aµ, g0)] 〈x〉f
〈x〉f(µ2) = Zff(aµ, g0) 〈x〉f

Quenched:  Zgg = 1          

〈x〉f = Zf (g0)〈x〉bare
f

Zf (g0) = 1.0(2)
Zff (aµ, g0)Zf (g0) = 0.99(4)

Final result:
〈x〉(π)

g (µ2
MS

= 4GeV2) = 0.37(8)(12) (Mπ = 890MeV)
phenomenology = 0.38(5)

〈x〉(π)
g + 〈x〉(π),lattice

f = 0.99(8)(12)

〈x〉G
g = 1.16(.18)

Guagnelli et al. hep-lat/0405027

Note:

Tests:
Guagnelli et al. hep-lat/0405027
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Trace anomaly contribution to mass

bg  ~ < E2 + B2 >     statistically accurate

In absence of chiral symmetry, bg acquires linearly 
divergent term from mixing with quarks.  

Strong mass dependence, since missing disconnected 
diagrams ~ 1/m

Result: 

Repeat with domain wall fermions

68

b(π)(bare)
g ∼ 0.9(1) at largest mass

∼ bg = 0.88(5) in proton
Ji hep-ph/9410274
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Insight into how QCD works: classical solutions

Stationary phase approximation

Instanton solutions connect vacuua with different winding numbers

To what extent are analytic expectations observed on lattice?

∫
D[A]e−

∫
d4xS[A] ∼ [detS′′]−1e−

∫
d4xS[Acl]

Aa
µ(x) =

2ηaµνxν

x2 + ρ2

S = 1
4

∫
F 2 = 8π2

g2 , Q = q2

32π2

∫
FF̃ = 1
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Instantons on the lattice

Cooling (relaxation) reveals lumps with             and 

For small size ρ, distribution ∝ρ6

Q ∼ ±1S ∼ 8π2

g2

s(x) q(x)

Chu, Grandy, Huang, JN hep-lat/9312071
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Instantons on the lattice

Observables calculated with only instantons 
close to those including all gluons

Observe quark zero modes localized at 
instantons

Zero modes from instantons generate         
and dominate light quark propagators

Topological susceptibility from instantons, Χ=
(180MeV), yields η′ mass
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Confinement from instantons

Ensemble of regular gauge instantons yields area law  hep-th/0306105
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Diquark correlations in heavy light light baryon
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Figure 4-11: Final measurement of ρ("r). Source at tsrc = 11 and sink at tsnk = 20, central
two timeslices averaged; sources at RMS= 3.0, HYP smearing of time links; averaged over
7 heavy lines; Cartesian paths close to origin omitted; image corrected.

4.3 Density-density correlator in heavy-light-light

baryon

4.3.1 Diquarks in theory

Within larger hadrons, we call diquarks any pairs of quarks that interact strongly.

An extended discussion on diquarks can be found in [14]. In gross terms, the most

attractive channel for two-quark interactions, after those that induce confinement and

chiral symmetry breaking, is thought to be the color 3, flavor antisymmetric, spin

zero channel; this phenomenon is observed in the gluon exchange diagram between

two heavy quarks, for instance, and in interactions mediated by instantons. Thus, we

expect the two quarks in the diquark (q̄Cγ5q) to interact, but the interaction can’t
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As a first measurement, Figure 4-13 shows ρρ(R, r, θ = 0) for various R values, as a

function of r. Setting θ = 0 corresponds to making perpendicular the line joining the

two light quarks and that from the center of this line to the heavy quark. We expect

ρρ to decay exponentially as a function of r in that case, and indeed it does. We

expect pronounced image effects when
√

R2 + (r/2)2 ≈ 7 or 8, that is, when #x or #y

are close to the edge of the lattice. For R = 2, 3, 4, and 5, that means there should be

an anomaly around r = 13–15, 12–14, 11–14, and 10–12, respectively. These ranges

coincide roughly with the observed “bumps” in 4-13.

Next, we reproduce the qualitative result of [1] when it comes to observing attrac-

tive behavior in the “good” diquark channel (see their Figure 2; where we write α,

they write θ). They calculated C(r1 = r2, α) for r1 = 5.1 and plot it versus cos α. Our

equivalent plots for r1 = r2 = 4 and 6 are shown in Figure 4-14. The conclusion to

be derived is that there is clear evidence for the existence of an attractive interaction

between the two light quarks, as C rises sharply above 0 as cos α→ 1.
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〈ρ(r)〉
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Summary

Entering era of quantitative solution in chiral regime

Moments of quark distributions

Form factors:  F1 ,  F2 , GA , GP,  N → Delta

Generalized form factors A  B  C

Transverse structure

Origin of nucleon spin

Beginning to calculate gluon observables

Insight:  instantons, diquarks, dependence on parameters
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Current effort and future work

Full QCD with chiral fermions in chiral regime

LHPC/RBC/UKQCD collaboration

mπ = 360, 315, 260 MeV,  a = 0.93 fm

3.3 Tfyrs approved in 08, proposing 11 at ANL

Unprecedented precision

Disconnected diagrams 

Calculate proton and neutron separately, not just difference

Eigenmode expansion - deflation

Gluon distributions 

Nucleon momentum fraction

Total contribution of gluons to nucleon spin
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