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Motivation

@ Form factors provide crucial information about hadrons
> size
» magnetization
» deformation

@ Many form factors accessible experimentally
@ Phenomenological models

Lattice QCD provides a tool to calculate them from first principles
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Matrix elements

We are interested in QCD matrix elements

(h'(p’,s")IXIh(p,s))

_y

ty t t;
where

h'(p’,s’), h(p,s) are hadron states with initial (final) momentum p(p’) and
spin s(s’)

» nucleon

» A-baryon

@ X is a current or density
» Electromagnetic current V,(x) = % ()ypu(x) — %a(x)%d(x)

» Axial current A% (x) = (x )’y“’ys% (x)
» Pseudoscalar density P?(x) = (X )ys 5 “4h(x)
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Electromagnetic nucleon form factors

The electromagnetic matrix element of the nucleon can be expressed in terms

of two form factors.

m?2 _
(NP, $)IVu(O)IN(p,s)) = /e ——U(p',s)O,u(p,s)
N(p") =N(P)
_ 2 iam,ql’ 2
O, = 7v.Fi(9°)+ 2mn F2(q%)
Fi, F» are the Dirac form factors.
g = p’ — p is the momentum transfer
Ge(@?) = Fild)+ s Fale?)
(2mN)2

Gm(9®) = Fi(9®) +F2(q?)

Gg, Gy are the electric and magnetic Sachs form factors.
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Axial nucleon form factors

The axial current matrix element of the nucleon can be expressed in terms of
the form factors G, and G.

H m2 (R o
(N(p', )AL (O)IN(p,S)) = iy z—&—T(p".s)Ouu(p,s)
N(p’)=N(p)

q" T
Ou = |:'7//Y5GA(q2) + 2my Gp(qz):| 7
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Nucleon pseudoscalar matrix element

The pseudoscalar matrix element defines the form factor G, nn

i m2
(N(p’,s")|P3(0)|N(p,s)) = N G(p’,s")Ou(p,s)
2mq \| EnnEn) g

f.m2
mGwNN(QZ)

Ou, = 5

@ mq renormalized quark mass
@ m, pion mass
@ f, pion decay constant
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The N — A transition

When one of the hadrons is a spin—% particle

(AP, S)XIN(p,s)) =i, /2N G (p,s")0"Wu(p, s)
Eaw)En)

u,(p,s) is a Schwinger-Rarita spinor
@ vector-spinor
@ each vector component satisfies the Dirac equation
@ in addition auxiliary conditions
> ’V#Uu(pvs) = 0
> puu(p,s) =0
Form factors in O7("):
@ Axial current matrix element: C%, C4', C&, C§
[L.S. Adler, Ann. Phys. 50, 189 (1968) ]
Dominant: C£, C£ correspond to G, G,

@ Pseudoscalar matrix element: G na
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Electromagnetic form factors of the A

The Electromagnetic matrix element can be decomposed in terms of four
independent vertex-function coefficients a;, a,, c1, ¢,

ma2 _ o
(A (ps,se)| VH AT (pi,si)) = # U, (ps,st) O7F U (pi, i)
a)Eae)

with (Euclidean notation)

. . ap
O = g Ayt — i p
[ 1Y 2ma ]

q°q” . C2
ciyH —i p#
+ m?2 [17 2mp }

Matrix element can also be expressed in terms of multipole form factors G,

Ge2, Gmi, Gms. The linear relation between the two formulations is known
[Leinweber, Nozawa Phys. Rev. D42, 3567 (1990)]
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Lattice techniques: Interpolating fields

We need to excite states x|Q2) that have an overlap with the desired baryon

ground states

(@™ (0)IN(p.s)) “u(p,s)
(Qxz(0)|A(p.s)) = Z%us(p.s)

proton:
X5 (x) = 26U T (x)Cysd® (x))us (x)
AT baryon:

€ 12(u?" (x)C6d"(x))ug, (x)

+(UBT (x)Cy,uP(x))dE (X)

Xoa(X) =

ol
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Lattice techniques: Smearing

Gauge invariant Gaussian smearing:

dg(t,X) = Z[]l +aH(X,y)]" ds(t.y)
Xy
3
HKYU@M) = D (UuK )0 gn + UL (K — 2,10 15)
p=1

@ Better overlap with the baryon ground-state
— Ground state dominance after only 2-3 time slices

@ But: increased statistical noise
— apply HYP or APE smearing to the gauge-field entering H(X, y)
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Effect of smearing

@ Nucleon effective
mass

@ Smearing is crucial for
the calculation of form
factors

T. Korzec (University of Cyprus)
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Two-point and three-point functions

Measure two-point and three-point functions (here: EM A — A)

rUT(Tuaﬁa tf _ti) = /d3xf eIXf pT(I; (1<Xﬁu(tf~%f)iﬂw’(tijz‘i»

(o6

rr(Tv,4,t) /d x/dxe'xfpf X-g7 v,

(k)
weuseTk—§<g 8)andT4—

o o

Nl
7N
o =
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Numerical evaluation of correlation functions

@ Starting point: Euclidean pathintegral formulation of QCD

%/DU D+ D O[U, b, )] e ¥P¥ e~Se

@ Integrate out the fermionic fields

%/DU O[U,D '] defD] eS¢

@ Estimate integrals over gauge-field by Monte-Carlo methods
» quenched approximation: defD] — 1

Can't calculate the full inverse D‘lz%(x,y)

With fixed y, b, 3 one can obtain D~ for all x, a, « by solving the linear system
’ _qab

Dg%(xlv X)D l(yﬁ(xa y) = 63’,b5u/,[)’5X’,y

=12 “inversions” for all Dirac and color components
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Disconnected diagrams

Wick contractions for 3-point function: two different types of contributions

disconnected diagram contains factor 3, tr3'[D~1(x, x)I]
— vanishes for

@ [ = ,757 axial current
@ [ = 572 pseudoscalar density
@ I = ~,73 isovector current

We calculate V) or V connected J

note: we use the (symmetrized) lattice conserved current = Z,, = 1.
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Sequential inversion through the sink

Our setup
@ Source atti=0,X=0
@ Sinkatt =t,p; =0
@ Operator X att, § = —p;

\
/

(

~
s
~
~
~
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Sequential inversion through the sink

Our setup
@ Source atti=0,X=0
@ Sinkatt=t,p; =0
@ Operator X att, § = —p;
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Sequential inversion through the sink

Our setup
@ Source atti=0,X=0
@ Sinkatt =t,p; =0
@ Operator X att, § = —p;
°

No new inversions for different
operator X (t, §)

@ But: new inversions necessary for
different interpolating fields

/

(
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~
~
S~
-~
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For large Euclidean time separations:

Two-point function (here A — A electromagnetic):

For — e Ea@l=%Z2 ¢(p) tr[T A,,]
Nor = > Us(p,s)i-(p,s)
S

_ _TPEmafs 0% 2PePr Podr —Prio
2ma or 3 3m% 3ma

Three-point function:

2
ry, = e Ml e SV 1Z P e(E)e(f) g G/

Eae)Ea)

®
=
Il

Soo= [T A ()07 Arrr(p)]
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Reduced ratios

Form a ratio in which Z and the time dependence cancel

=N (T,4)

RH FA(T,0,t) [ Ta(T4, Pt — )M (T4, 0, )N (T4,0, %)
M (T4,0,t — )N (T4, Pi, )N (T4, Pi ) 7

o rkk(T470;tf)

10” »
® p=(1,00) 21L ® p=(1,00)2nL
= p=(1,10) 2L -1.2) 5 p=(1,1,0)2nL
> p=(1,1,1) 2L > p=(1,1,1) 2L

5 ¢ t
g % %—18
§1.5 } % ?:3 2| M ] i i i
Bl oyt i
t bipg] = .o
1 % ? v ® [} ¢ @ $ i
; §
4 t [ S 4 28
0'0 2 6 8 10 12 o 2 4 6 8 10 12
(t-t,)/a (t-t,)/a
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Suitable combinations
Example: to isolate G,; one can calculate

N/5(T%d) = £(a%)d3,.(02 — 91)Gma
= no contributions from x # 3 or 4 || Z data
= It's better to calculate
3

> M (T*.d) = £(a) [61.(ds — d2) + 62..(q1 — d3) + J3,.(d2 — A1)] Grma
ik,l=1

other “optimal” combinations

Zn 7q - GeOa Ge2
3

> qulA(T,d) — Gez, Gin1, Gms
k=1

@ coefficients of Gpn1, Gz vanish for . = 4 — last combination isolates G,
@ All coefficients satisfy g,,c* = 0 (U(1) vector current conservation)
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Data analysis

Jackknife binning
If there are N, different q that give the same q?
= up to 4 x Ny x number of combinationsquations for 4 unknowns
@ measure the different combinations for = 1...4 and the N, directions
of g
@ solve the linear system in the least-square sense (e.g. via SVD).
@ 2 value of the solution should be “reasonable”

= Jackknife errors of G, Geo, Gi1, G take all autocorrelation and
correlation effects into account.

T. Korzec (University of Cyprus) Form factors for the nucleon-A system EINN 2007 20/36



Calculation of electromagnetic
A — A form factors

[Lattice 2007 proceedings: C. Alexandrou, T. K, T. Leontiou, J.W. Negele, A. Tsapalis]
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Simulation parameters

@ Quenched calculation
@ 323 x 64 lattice points
@ 200 well-separated gauge configurations

@ § = 6.0 (Wilson plaquette action)
= lattice spacing of a = 0.092(3) fm, from nucleon mass.

@ L~3fm

Valence quarks: N; = 2, degenerate, unimproved Wilson

K m, [MeV] ma [GeV]

0.1554 563(4) 1.470(15)
0.1558  490(4) 1.425(16)
0.1562 411(4) 1.382(15)
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Results: G

magnetic moment

e

_ 2 _
pa =Gmi(Q° = O)TmA

m, [MeV] pa [un]
563 2.28(5)
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Results: G

magnetic moment

e

_ 2 _
pa =Gmi(Q° = O)TmA

m, [MeV] pa [un]
563 2.28(5)
490 2.29(7)
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Results: G

magnetic moment

e
pua = Gml(q2 = O)E
My [MeV]  pa [pn]
563 2.28(5)
490 2.29(7)
411 2.27(7)
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Results: G

. 4 © k=0.1554
magnetic moment 35} o <Z01%62
o ¥ physical point
e
=G 2 _0)—— i
JON m1(Q )2mA 25
P
15}
MeV] ria [1n] |
mx e KA |UN
0.5} FER
563 2.28(5) &
490 2.29(7) =5 05 1 5 2 2.5
411 2.27(7) ¢ in GeV?
135 2.27(15)
! red line: fit to %
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Chiral extrapolation

3 . : . .
® p=(1,0,0)2mL
2.8F B p=(1,1,020L ]
> p=(1,1,1)2n/L
2.6F <4 p=(2,0 002nL 1
. . 2.4F I Py 5 ]
@ No chiral PT available TI' ? 1 =
. . 2.2F 1
@ Even if; are pion _
masses small o 2%_/+/H' :
enough? 1.8} ]
= Extrapolate linearly 1_6-%% ]
in mf, 1_4_‘%/*’—?’* ]
1.2f 1
10 0.2)2 0.64 0.66 0.68 0.1
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Results: Ggg

charge radius

_6 aGeO

2y
<r >_ 8q2 q2:0

m. [MeV] (r2)z [fm]

563 0.583(2)
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Results: Ggg

; 0 x=0.1554
charge radius i > x=01558
oG [
2 e0 0.8
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o 06
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Results: Ggg

charge radius

0Geo

2 —
<r >_ 6 8q2 C|2:O

m. [MeV] (r2)z [fm]

563 0.583(2)
490 0.599(2)
411 0.615(2)
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Results: Ggg

charge radius

0Geo
992 lg2=0

(r2) = -6

m. [MeV] (r2)z [fm]

563 0.583(2)
490 0.599(2)
411 0.615(2)
135 0.652(6)

T. Korzec (University of Cyprus)

© x=0.1554
P> x=0.1558
1} o k= 0.1562
¥ physical point
0.8f
3
«° 06
0.4+
0.2 P
HL
X % 3 ]
ol . . . .
0 0.5 1 15 2 25
o2 in GeV?
R . f 1
red line: fit to ey

Form factors for the nucleon-A system

EINN 2007 25/36



Results: Ges

deformation

If spin is quantized along
z-direction:

Ge2(q? = 0) ~
ma /d3r P(r) [3z% = r2] y(r)

= negative G¢, « oplate A
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Results: Ges

0.2

0.1554

o4l » o

. 0
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If spin is quantized along 0.2}
z-direction: o 03}
) -0.4}f
Ge2(q° =0) ~ 0.5}
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Results: Ges
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Results: Gz

@ «=0.1554

0 0.5 1 1.5 2 25
q2 in GeV?
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Results: Gz

q2 in GeV?2
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Results: Gz

q2 in GeV?2
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Calculation of axial nucleon and
nucleon to A form factors

[arXiv:0706.3011 C. Alexandrou, G. Koutsou, T. Leontiou, J.W. Negele, A. Tsapalis]
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Simulation parameters
Same quenched lattices as before, in addition:

Dynamical Wilson quarks, Ny = 2, a = 0.08fm, L ~ 2fm

K m, [MeV] my [GeV] ma [GeV]

0.1575  691(8) 1.485(18) 1.687(15)
0.1580  509(8) 1.280(26) 1.559(19)
0.15825 384(8) 1.083(18) 1.395(18)

Configurations created by [TxL collaboration, B. Orth et al. Phys. Rev. D72(2005)014503 ]
and [DESY-Zeuthen group, C. Urbach et al. Comput. Phys. Commun. 174(2006)87 ]

Hybrid action: asqtad / domain wall, a = 0.125fm, L ~ 2.5fm

m, [MeV] my [GeV] ma [GeV]
594(1) 1.416(20) 1.683(22)
498(3) 1.261(17) 1.589(35)
357(2) 1.210(15) 1.514(41)

Configurations created by [MILC collab., C. Aubin et al. Phys. Rev. D70(2004) 094505]
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Results: G, and Gp

T T T
4 Hybrid m _=0.50 GeV

® Hybrid m =0.36 GeV

108 E:

6,(@)

@ needs Zp
@ solid magenta lines: fits of
the m, = 410 MeV data to
g
(Qz/m%ﬁl)2
@ Black dotted line: fit to

0.8
0.6

0.4N
X Ny=0 m =056 GeV

0.2[0 N,=0 m =049 GeV

* N_=0 m_=0.41 GeV

. 0.0 T 4 {
experimental data i A Mo w060 ooy
) \ F L] N
@ dashed red line: Gp | ® N,=2 m =051 GeV
calculated from G, via g
simplified GTR o

@ Hybrid-approach results
by LHPC collaboration
[P. Hagler et al. hep-lat/0705.4295]
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Results: C£ and C§

0.8 ;’E\%%{ %\
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Results: G ny and G na

2 ' A N,=2 1‘nﬂ=0.69 Gev |
b4 N;=2 m =051 GeV
10 b4 )g(\;
z *Tx9 z
£ 8 HE S g }
il
@ needs calculation of mg N %%g 7
and f 21X N,;=0 m_=0.56 GeV T
O N,=0 m =0.49 GeV
@ dashed lines: from G, and Q=0 mo=p AL GV : :
Cf via GTR
@ values at Q2 = 0 lower .S Es o
than experiment,e.g. o ;F? ﬁ\%{ 1z [ l
G nn(0) =13.2(1) 10 % 1wl .
f 134, | }
: HITE 1y
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Goldberger Treiman relations

diagonal Goldberger-Treiman relation:

2 1 2G.n(92)f,m2
Ga(d?) + L Gy(a?) = wld)

mg 2my m2 — g2

non-diagonal Goldberger-Treiman relation

2 1 2G;na(g?)f,m2
CA 2 +lCA 2 — TNA iy
5(a%) m2 6(d%) 2my m2 — g2

under assumption of pion pole dominance: simplification to

G (9%)f, = mnGa(g?)
Gma(q?)f: = 2myCé(g?)
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Test of simplified GTRs

2.5 T T T
2.0F é % 4
Sé w.sf?*§?iﬂ§f§%jﬁ ; d
(&} I
1.0 t 4
X N,;=0 m =056 GeV
o GT"NA and GT"NN haVe 0.5r0 N,=0 m =049 GeV ® N,=2 m _=0.51 GeV 7
same g2 dependence * Nj=0 m =041 Gev
ratio: 1.60(2) consistent o0 05 10 15 20
with experiment ”s Y Q* (Gev®)
@ In accordance with GTR: ’o 1
A/Gp = 2 . b il
2C£/Ga = 1.63(1) also g ¢ lustag iy b %
independent. PERE S 1
1.0 1
X N;=0 m =0.56 GeV
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* N,=0 m =041 GeV
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Discussion of the results

Results, electromagnetic A — A form factors

@ look reasonable, consistent with experiment and
[Leinweber, Draper, Woloshyn Phys. Rev. D46, 3067 (1992)]
@ improvement with respect to existing calculations

» (-dependence
» higher precision (important for Ge;)
» lower pion masses

Results, axial nucleon and nucleon to A form factors

@ G,y and G,ya have the same g2 dependence
@ Goldberger Treiman relations are satisfied
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Outlook

Further reduce possible error sources
@ Statistical errors: under control
@ Systematical errors:
» A — A: quenched calculation, work with dynamical fermions in progress
» contribution of disconnected diagrams
» chiral extrapolations
= need even smaller pion masses
finite volume: corrections are expected to be small
finite resolution: effects probably significant for increasing g2

v

v
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