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TODO

I have 40+5’

I clean finite vol scheme.tex, add mbar plot

I strange.tex

I mb equ.tex
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based on
a lot of work of the LPHAA

Collaboration in particular

Precision computation of the strange quark’s mass in quenched QCD
J. Garden, J. Heitger, R. S. and H. Wittig, Nucl. Phys. B 571, 237 (2000)

A precise determination of the charm quark’s mass in quenched QCD
J. Rolf and S. Sint, JHEP 0212 (2002) 007

and more recently:

Computation of the strong coupling in QCD with two dynamical flavours
M. Della Morte, R. Frezzotti, J. Heitger, J. Rolf, R. S. and U. Wolff
Nucl. Phys. B 713 (2005) 378

Non-perturbative quark mass renormalization in two-flavor QCD
M. Della Morte, R. Hoffmann, F. Knechtli, J. Rolf, R. S., I. Wetzorke
and U. Wolff, Nucl. Phys. B 729 (2005) 117

Non-perturbative Heavy Quark Effective Theory, J. Heitger & R.S., JHEP 0402:022

On lattice actions for static quarks
M. Della Morte, A. Shindler, R. S., JHEP 0508 (2005) 051

Heavy quark effective theory computation of the mass of the bottom quark
M. Della Morte, N. Garron, R. S. and M. Papinutto,
JHEP 0701 (2007) 007
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What do we want

Experiment︷ ︸︸ ︷
Fπ
mπ

mK

mD

mB

 LQCD(g0,mf )
=⇒

QCD parameters (RGI)︷ ︸︸ ︷
ΛQCD

M̂ = (Mu + Md)/2
Ms

Mc

Mb

 +

Predictions︷ ︸︸ ︷
ξ

FB

BB

...


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Scale problem and strategy

100 MeV

100 GeV

10 GeV

PT  (MS)lattice
µ

1 GeV m

m

m

π

p

D

m

m

Z

τ

1/L � µ,E , |p| � 1/a

µpert � ΛQCD
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Scale problem and strategy

m

m

m

π

p

D

m

m τ

Z

100 MeV

100 GeV

10 GeV

PT  (MS)lattice
µ

1 GeV

intermediate

1/Lmax

µ−>οο

I intermediate: Schrödinger functional scheme, finite volume
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RGI quark masses

M = lim
µ→∞

m(µ)[2b0ḡ(µ)2]−d0/2b0

µ
∂m

∂µ
= τ(ḡ)

τ(ḡ)
ḡ→0∼ −ḡ2

˘
d0 + ḡ2d1 + . . .

¯
,

d0 =
8

(4π)2

I M scheme & scale independent: (schemes S ,S ′)

mS(µ)

mS ′(µ)
= 1 + O(α(µ))

µ→∞−→ 1 → MS = MS ′ = M

I We can choose a convenient scheme for computing M
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TODO The principle Strange Charm Bottom Challenges goal strat pcac strat running mbar res

RGI quark masses

M = lim
µ→∞
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τ(ḡ)
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Running mass, definition

I from the PCAC relation:

Asu
µ = s̄ γµγ5 u , Psu = s̄ γ5 u

∂µAsu
µ = (ms + mu) Psu

I precisely g0 ↔ a

ms(µ) + mu(µ)︸ ︷︷ ︸
renormalized, running

=
ZA(g0)

ZP(µ, g0)

〈K−(p = 0)| ∂µAsu
µ |0〉

〈K−(p = 0)|Psu|0〉︸ ︷︷ ︸
⇑

ms + mu =
m2

KFK

GK
: bare, PCAC

scheme+scale dependence from ZP

(ZA from current algebra ↔ Ward identity)

Rainer Sommer Computing quark masses with lattice QCD



TODO The principle Strange Charm Bottom Challenges goal strat pcac strat running mbar res

Running mass, definition

I from the PCAC relation:

Asu
µ = s̄ γµγ5 u , Psu = s̄ γ5 u

∂µAsu
µ = (ms + mu) Psu

I precisely g0 ↔ a

ms(µ) + mu(µ)︸ ︷︷ ︸
renormalized, running

=
ZA(g0)

ZP(µ, g0)

〈K−(p = 0)| ∂µAsu
µ |0〉

〈K−(p = 0)|Psu|0〉︸ ︷︷ ︸
⇑

ms + mu =
m2

KFK

GK
: bare, PCAC

scheme+scale dependence from ZP

(ZA from current algebra ↔ Ward identity)

Rainer Sommer Computing quark masses with lattice QCD



TODO The principle Strange Charm Bottom Challenges goal strat pcac strat running mbar res

I and for charm etc. ...

ms(µ) + mc(µ)︸ ︷︷ ︸
renormalized, running

=
ZA(g0)

ZP(µ, g0)

〈D+(p = 0)| ∂µAcs
µ |0〉

〈D+(p = 0)|Pcs |0〉︸ ︷︷ ︸
⇑

ms + mc: bare, PCAC

same ZP (mass-independent renormalization)
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The basic equation for the RGI mass

ms(µ) =
ZA(g0)

ZP(µ, g0)
ms(g0)| {z }

bare, PCAC

remember g0 ↔ a

Ms =
M

m(µ)
ms(µ) = ZM(g0) ms(g0)| {z }

bare, PCAC

,

ZM(g0) =
M

m(µ)

ZA(g0)

ZP(µ, g0)

=
M

m(µpert)| {z }
pert. theory

m(µpert)

m(µhad)| {z }
NP

ZA(g0)

ZP(µhad, g0)| {z }
“easy”

I physics input: bare strange mass in the Lagrangian s.t. mK/FK = experiment

I remains NP computation of
m(µpert)

m(µhad)
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m

m

m

π

p

D

m

m τ

Z

100 MeV

100 GeV

10 GeV

PT  (MS)lattice
µ

1 GeV

intermediate

1/Lmax

µ−>οο

ZM(g0) =
ZA(g0)

ZP(µhad, g0)

m(µpert)

m(µhad)︸ ︷︷ ︸
NP

M

m(µpert)︸ ︷︷ ︸
pert. theory
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NP running from finite volume schemes
need ΛQCD � µpert � a−1 = Λcut

trick [Lüscher, Weisz & Wolff ] µ = 1/L: finite volume scheme

L

time

0

space

NP definition of ZP: (O,P at a distance L/2)

ZOZP〈O P〉 = 〈O P〉tree level
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recursively: L0 → L1 = 2L0 → ...2nL0

I coupling: ḡ2(2L) = σ(ḡ2(L)),

σ(ḡ2(L)) = lima/L→0 Σ(ḡ2(L), a/L)

I quark mass (ZP):

m(1/2L) = m(1/L) / σP(ḡ2(L))

σP(ḡ2(L)) = lim
a/L→0

ZP( 1
2L , g0)/ZP( 1

L , g0)
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The running of the quark mass: Nf = 2

0 0.01 0.02 0.03 0.04
0.82

0.84

0.86

0.88

0.9

0.92

0.94

0.96

0.98

(a/L)2

Σ P
(u

,a
/L

)

Continuum limit reconstructed running
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Strange quark mass (quenched, 1999) (with a small cheat)

remember:

Ms + Mu = ZM m2
K

FK

GK|{z}
≡R

set the physical scale by fixing the static quark potential to phenomenology:
r0 = 0.5 fm

extrapol. to physical quark mass
mPS → mK

Continuum extrapolation

Rainer Sommer Computing quark masses with lattice QCD



TODO The principle Strange Charm Bottom Challenges progr

Strange quark mass (quenched, 1999) (with a small cheat)

remember:

Ms + Mu = ZM m2
K

FK

GK|{z}
≡R

set the physical scale by fixing the static quark potential to phenomenology:
r0 = 0.5 fm

extrapol. to physical quark mass
mPS → mK

Continuum extrapolation

Rainer Sommer Computing quark masses with lattice QCD



TODO The principle Strange Charm Bottom Challenges progr

Strange quark mass (quenched, 1999) (with a small cheat)

remember:

Ms + Mu = ZM m2
K

FK

GK|{z}
≡R

set the physical scale by fixing the static quark potential to phenomenology:
r0 = 0.5 fm

extrapol. to physical quark mass
mPS → mK

Continuum extrapolation

Rainer Sommer Computing quark masses with lattice QCD



TODO The principle Strange Charm Bottom Challenges

Charm quark mass (quenched, 2002)

I remove O(amc) ef-
fects non-perturbatively
[ LPHAA

Collaboration 2000 ]

quenched [Sint & Rolf ]

charm just doable

I Nf = 0 , r0 = 0.5 fm: Mc = 1654(45)MeV → mMS
c (mc) = 1301(34)MeV

I similar analysis for Nf > 0 still preliminary

I aMb ≈ 4aMc !

for b-quarks a → 0 can’t be controlled in this way → eff. theory

Rainer Sommer Computing quark masses with lattice QCD
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Effective theory for b-quark in heavy-light systems: HQET

[Caswell & Lepage . . . Eichten & Hill . . . LPHAA
Collaboration ]

b̄(x)[γµDµ + mb]b(x) →
LHQET = a4 P

x {ψh(x)[D0 + δm]ψh(x)

+ ωspin| {z }
∼1/2mb

ψh(−σ · B)ψh + ωkin|{z}
∼1/2mb

ψh(− 1
2
D2)ψh + . . .}

P+ψh = ψh , ψhP+ = ψh , P+ = 1
2
(1 + γ0)

non-trivial matching problem

ωkin , ωspin , δm ⇔ Mb

Rainer Sommer Computing quark masses with lattice QCD
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Mass renormalization in HQET

I static: ψh(x)[D0 + δm]ψh(x)

mMS
b = ZMS,pole mpole , mpole = mB︸︷︷︸

exp.

− Estat︸︷︷︸
“binding energy”

− δm︸︷︷︸
⇑

δm =
e(g0)

a
∼ exp(1/(2b0g

2
0 )) [1 + e1g

2
0 + . . .]

I perturbative: “uncertainty”

e(g0)

a
= exp(1/(2b0g

2
0 ))en+1g

2n+2
0

g0→0−→∞

no continuum limit

I need non-perturbative e(g0)

more generally: non-perturbative matching (renormalisation) of
HQET

I 1/m corrections make it worse: a−1 → a−2

Rainer Sommer Computing quark masses with lattice QCD
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Non-perturbative matching

I ωkin, ωspin, δm + mbare from QCD [Heitger & S. ]

mpole + δm ↔ Mb

I match three observables

ΦQCD
i (L,Mb) = ΦHQET

i (L,Mb) , i = 1, 2, 3

Rainer Sommer Computing quark masses with lattice QCD
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The full strategy
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volume)
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ΦQCD(L1,Mb)

�
σ

I continuum limit can be taken in all steps
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Equation for Mb (static)

I pert:

mB = [ZMS,pole]
−1 mMS

b︸ ︷︷ ︸
mpole

+ Estat︸︷︷︸
“binding energy”

+ δm︸︷︷︸
a−1[1+e1g2

0 +...]

I NP:

mB = Estat − E sub
stat(Mb)︸ ︷︷ ︸

Estat−Estat(L2)+Estat(L2)−Estat(L1)

+E sub
stat(Mb)︸ ︷︷ ︸

=E(L1,Mb)

HQET QCD

L1 ≈ 0.4 fm , L2 = 2L1
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Example for continuum extrapolation (quenched)

mB = Estat − Estat(L2) + Estat(L2)− Estat(L1)| {z }
a→0 in HQET

+ E(L1,Mb)| {z }
≡Φ2/L1

3 values of Mb

example:

(Mb from bare
mass as before:
ZM)

0 0.001 0.002
(a/L1)

2

8

9

10

11

Φ2
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Result
in static approximation
express everything in units of r0 ≈ 0.5 fm and solve:

r0mB| {z }
experiment

−r0[Estat − Estat(L2) + r0[Estat(L2)− Estat(L1)] =
r0

L1
ΦQCD(L1,Mb)

10 11 12 13
z=L1Mb

16

18

2Φ2

with r0 = 0.5 fm

Mstat
b =


6771± 99 MeV (HYP2)
6757± 99 MeV (HYP1)

and obtain the slope

S =
1

L1

∂ΦQCD(L1,M)

∂M

= 0.61(5)

error is dominated by
the one on ZM.
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Results for different matching observables

I included 1/mb corrections [Della Morte, Garron, Papinutto, S. ]

θ0 r0 M
(0)
b r0 Mb = r0 (M

(0)
b + M

(1a)
b + M

(1b)
b )

θ1 = 0 θ1 = 1/2 θ1 = 1
θ2 = 1/2 θ2 = 1 θ2 = 0

Main strategy
0 17.25(20) 17.12(22) 17.12(22) 17.12(22)

Alternative strategy
0 17.05(25) 17.25(28) 17.23(27) 17.24(27)

1/2 17.01(22) 17.23(28) 17.21(27) 17.22(28)
1 16.78(28) 17.17(32) 17.14(30) 17.15(30)

I Λ3/m2
b corrections negligible

I mMS
b (mb) = 4.347(48)GeV quenched, r0 = 0.5 fm (4-loop RGE)

I related strategy, HQET only at lowest order, 1/mb corrections from QCD

interpolations mMS
b (mb) = 4.421(67)GeV [Guazzini, S., Tantalo ]

talk by Damiano Guazzini
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Challenges, todos

I error for Mb dominated by ZM(g0) in relativistic QCD
→ reduce by a factor 2 ?!
(Λ3/m2

b corrections are negligible)

I Ms for Nf = 2: smaller a, smaller quark masses in progress
appears doable due to domain decomposition algo & deflation
[M. Lüscher, 2004 & 2007; L. Del Debbio et al., 2006; . . . ]

I Mc , Mb for Nf = 2: in progress

I Nf = 3 . . .

I very important: light up and down quarks, large
volumes, chiral extrapolation → talk by G. Colangelo
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Status of Ms: a rough idea

Nf = 2, lattice 2007

quenched for comparison (1999)

a bit early for a cont. limit
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Nf = 3, lattice 2007 quenched for comparison (1999)

a bit early for a cont. limit
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Status of Mc

Nf = 2, lattice 2007
[B. Blossier for ETMC ]

quenched for comparison
[ LPHAA

Collaboration : Sint & Rolf, 2002 ]

ETMC result:
mMS

c (mc) = 1478(75)MeV
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Why face the Challenges?

I Fundamental parameters of the SM

I superb experimental input: mB, mD, mp, . . .

I no assumptions about (local) duality, “convergence” of the
(divergent) pert. expansion, renormalon subtraction, . . .
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Significant progress does happen

in the past:

1996 (1-loop renorm.) 1999 (Non-perturbative renorm.)

Significant progress in the next 3 years for Nf = 2, 3 (?)
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Conclusion

I NP tools for renormalization are fully developed

I Quenched computations are under good control

I Nf ≥ 2: significant progress in recent years
even more expected in the next 3 years

Rainer Sommer Computing quark masses with lattice QCD
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